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Abstract 

The universal character is a polynomial attached to a pair of partitions and is a generalization 
of the Schur polynomial. In this paper, we introduce an integrable system of ^-difference 
lattice equations satisfied by the universal character, and call it the lattice q-UC hierarchy. We 
regard it as generalizing both ^-KP and q-\JC hierarchies. Suitable similarity and periodic 
reductions of the hierarchy yield the ^-difference Painleve equations of types ^^2^+1 ^ 1)' 
D^^^\andE^^\ As its consequence, a class of algebraic solutions of the ^-Painleve equations is 



rapidly obtained by means of the universal character. In particular, we demonstrate explicitly 
the reduction procedure for the case of t) 
the geometry of certain rational surfaces. 



the reduction procedure for the case of type e'^^ via the framework of r-functions based on 
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1 Introduction 



The present article is aimed to clarify the underlying relationship between the universal character 
and the ^-difference Painleve equations from the viewpoint of infinite integrable systems. 

The universal character S[a,ii], defined by K. Koike [|6|, is a polynomial attached to a pair 
of partitions [A,/j.] and is a generalization of the Schur polynomial S a- The universal character 
describes the character of an irreducible rational representation of the general linear group, while 
the Schur polynomial, as is well-known, does that of an irreducible polynomial representation; see 
(el, for details. 

The algebraic theory of the KP hierarchy of nonlinear partial-differential equations is probably 
the most beautiful one in the field of classical integrable systems. It was discovered by M. Sato that 
the totality of solutions of the KP hierarchy forms an infinite-dimensional Grassmann manifold; 
in particular, the set of homogeneous polynomial solutions coincides with the whole set of Schur 
polynomials; see |9l [T4||. We say that the KP hierarchy is an infinite integrable system which 
characterizes the Schur polynomials. On the other hand, an extension of the KP hierarchy called 
the UC hierarchy was proposed by the author ifTSl ; it is an infinite integrable system characterizing 
the universal characters as its homogeneous polynomial solutions (see the table below). 

Character polynomials versus Infinite integrable systems 
Schur polynomial S ,i KP hierarchy 

n n 

Universal character S [i,^] UC hierarchy 

In this paper, we first introduce an integrable system of ^-difference equations defined on two- 
dimensional lattice, called the lattice q-UC hierarchy (see Definition 12.21) . It is considered as 
generalizing both q-KP and ^-UC hierarchies, which are the ^-analogues of the KP and UC hi- 
erarchies; cf. [[5| and (fTT] (see Remark |231) . Next we show that suitable similarity and periodic 
reductions of the lattice q-\]C hierarchy yield the (^r-Painleve equations with affine Weyl group 
symmetries. Let us refer each of (7-Painleve equations by the Dynkin diagram of associated root 
system; for example, the ^-Painleve VI equation is represented by D^'^; see [[II [111. Then our main 
result is stated as follows: 

Theorem 1.1. The q-Painleve equations of types ^2g+i (<? - 1)' ^5'^' '^^'^ ^e '' "-^^ obtained as 
certain similarity reductions of the lattice q-UC hierarchy with the periodic conditions of order 
(g + l,g + 1), (2, 2), and (3, 3), respectively. 

We shall demonstrate the proof of the above theorem in detail, particularly for the case of type 
£'g ^ the other cases are briefly studied in Appendix. 

Recall that the (higher order) ^-Painleve equation of type A^^^ is a further generalization of 
^-Painleve IV and V equations which correspond to the cases N = 3 and 4, respectively; see 
[[4l[8][. As shown in ['51, it can also be obtained as a similarity reduction of the ^-KP hierarchy with 
A'^-periodicity. With this fact in mind, we summarize in the following table how the ^-Painleve 
equations relate to the similarity reductions of ^-KP or lattice ^-UC hierarchies with periodic 
conditions: 



^-Painleve equation 


A' 






^6 


^-KP hierarchy 


2g+l 


2g + 2 






Lattice ^-UC hierarchy 




(g+hg+l) 


(2,2) 


(3,3) 
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The universal characters are homogeneous solutions of the lattice q-\JC hierarchy (see Propo- 
sition [23]). Hence we have immediately from Theorem II .11 a class of algebraic solutions of the 
^-Painleve equations in terms of the universal character. 

Corollary 1.2. The q-Painleve equations of types ^2g+i ^ l)- ^5'^ f^^d E'"^^ admit a class of 
algebraic solutions expressed in terms of the universal characters attached to pairs of{g + 1)-, 2-, 
and 3 -core partitions, respectively. 

Remark 1.3. (i) In K. Kajiwara et al. BH, rational solutions of the ^-Painleve equations of type 
A^^j were constructed by means of the Schur polynomial attached to an N-core partition, via the 
similarity reduction of the ^-KP hierarchy. 

(ii) We investigated certain similarity reductions of the ^-UC hierarchy and already obtained the 
same class of solutions as above for the cases ^2'^+! ^^'^ ^5'^' [,17 J and [fTSll . Also, for Ag'^ 
(the q-Fam\ev6 V equation), the rational solutions were firstly found by T. Masuda [[HI without 
concerning any relationship to the infinite integrable systems. 

(iii) It is still an interesting open problem to obtain the <7-Painleve equations of types and E''^^ 
as reductions of some integrable hierarchies such as KP, UC, or beyond. 

In Section [2l we introduce the lattice ^-UC hierarchy, which is an integrable system of q- 
difference lattice equations satisfied by the universal characters (Definition l2.2l and Proposition l2.3l) . 
In Section [31 we present a birational representation of affine Weyl group of type E''^^ defined over 
the field of r-functions, starting from a certain configuration of nine points in the complex projec- 
tive plane (Theorem 13. 21) . Then we define the ^-Painleve equation of type E''^^ {q-P{E^)) by means 
of the translation part of the affine Weyl group (Definition 13.31) . Section [4] concerns the system of 
bilinear equations satisfied by r-functions (Proposition l4.2l) . In Section[5l we show that the bilinear 
form of q-P{E^) coincides with a similarity reduction of the lattice ^-UC hierarchy. Consequently, 
in Section [6l we have a class of algebraic solutions of q-P(E(,) in terms of the universal character 
(Theorem 16.21) . Section [7] is devoted to the proof of Proposition 12.31 We briefly sum up in Ap- 
pendix results on the reductions to the ^-Painleve equations of types A^^^^ and D''^\ 

Note. Throughout this paper, we shall use the following convention of q-shifted factorials: 

CO CO 

(a; q)co = ]~^(1 - aq'), (a; p, q)oo = ]~~[(1 - ap'q^), 

;=o i,j=o 

and also (au---,a/, q)co = (ai; q)oc ■ • ■ (a/, q)co- 
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2 Universal characters and lattice ^-UC hierarchy 



2.1 Universal characters 

For a pair of sequences of integers A = (/li, /I2, . . . , Ai) and /i = (jxi,fj.2,-- • > A'/Oj the universal 
character S[x,fi]{x,y) is a polynomial in (jc,^) = {x\_,X2, . . . ,y\,y2, ■ ■ ■) defined by the determinant 
formula of twisted Jacobi-Trudi type (see 1161): 



S[A,^l]{x,y) = det 



where />„ is a polynomial defined by the generating function: 



(2.1) 



2 Pk(x)z'' = exp ^ x„f 



\n=l 



(2.2) 



Schur polynomial S ^(x) (see 0) is regarded as a special case of the universal character: 

S^ix) = det{p^__i+j(x)) = 5[^,0](x,j). 

If we count the degree of variables as degx,, = n and degj„ = -n, then the universal character 
S[x,ii\{x,y) is a weighted homogeneous polynomial of degree \A\ - |//|, where \A\ = A\ + ■ ■ ■ + Ai. 
Namely, we have 



S [A,n\{cx\ , c^X2, . . . , c , c ^y2,...) = c''*' '^'S [i,/j](-'Ci , JC2, . . . , y 1 , • • 
for any nonzero constant c. 

Example 2.1. When /I = (2, 1) and = (1), the universal character is given by 



(2.3) 



S [(2,i),(i)](-*^'3') - 



p\(y) poiy) p-i(y) 

Plix) P2{X) Piix) 

p-i(x) po(x) pi(x) 
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X3\yi -xi 



2.2 Lattice ^-UC hierarchy 

Let / c Z>o and J c Z<o be finite indexing sets and (i e I U J) the independent variables. Let 
Ti = Ti-tj be the ^-shift operator defined by 



qti (i e /), 
e7), 



and Ti-^(tj) = tj (i 4^ j). We use also the notation: Ti^Tj^ • • • r,„ = Ti^i^_„i^, for the sake of brevity. 

Definition 2.2. The following system of ^-difference equations for unknowns cr^ ^it) (m, n 6 Z) is 
called the lattice q-UC hierarchy: 

UTiicTfufi^i^TjicTf^^i,^^ — tjTj^cTf^fj^i^Tj^cr^^ifj) = {t,- — tj)Tij{cr„i„)o'^^i,i^i, (2.4) 

where /, j e I U J. 
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Let us consider the change of variables 

r(1 - q") n{\ - q ) 

then define the symmetric function S[x,fi\ = S[x,fi\{t) in (z e / U 7) by 

= '5[i,^<](^,3')- (2.6) 
The universal characters solve the lattice ^-UC hierarchy in the following sense. 
Proposition 2.3. We have 

= {U - tj)Tij(si,i^i)Si(kjx(k',n)h (2.7) 
for any integers k, k' and sequences of integers A = {Ai, . . . , Ai),^ = (yUi, . . . 

The proof of the proposition above will be given in Section |7l 
Remark 2.4. Define the functions hn = hn(t) and //„ = Hn(t) by 

hn(t) = Pnix), Hn{t) = Pniy), 

under (|2.5I) . We note also the following expression by the generating functions: 

Hence, function S[A,^^(t) can be expressed as 

s,,,,it) = det ( f ' i J 1 ) ■ (2-9) 

\ hA._,,-i+j(t), I + l<i<l + l li^ij^i^i, 

Remark 2.5. (i) One can easily deduce from (|2.4I) the following equation: 

(f,- - tj)Tij{cr m,n)Tk(0' m+l.n) + (tj — h)T jk{cr m,n)Ti{(r m+l,n) 

+ (tk - ti)Tiu{(Tm,n)Tj{(Tm^i^n) = 0, (2. 10) 

where z, j,k e I U J, which is exactly the bilinear equation of the q-VC hierarchy; see fTTl. 



(ii) If o-m,n(t) does not depend on n, that is, crm,n = crm,n+i for all m and n, then (12. 4|) is reduced to 
the ^-KP hierarchy (see [5J): 

tiTi{p,n)Tj{pm+l) - tjTj(p,„)Ti(p,„+i) = (ti - tj)Tij{p,n)p,„+\, (2.1 1) 

where p„, := cr,„ „. 
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3 T-functions of ^-Painleve equation 



In this section we present a geometric formulation of the (7-Painleve equation of type by means 
of T-functions; cf. [13J. Consider the configuration of nine points in the complex projective plane 
P^, which are divided into three triples of coUinear points. Let [x : j : z] be the homogeneous 
coordinate of P^. We can normalize, without loss of generality, the nine points pi{l <i< 9) under 
consideration as follows: 

= [0 : -1 : as], = [0 : -1 : a^a(,\ ;?3 = [0 : -1 : a^a^^aQ^ 
P4 = [as : : -1], = {a2^ : : -I], pe = {ax^a2^a^ : : -I], (3.1) 
p-i = [-1 : aa : 0], p^ = [-1 : a-^a^^ : 0], = [-1 : a^a^^as^ : 0], 

where a, e are parameters such that aoaia2^a3^ a^^asas^ = q. Let \p : X = Xa — > P^ be the 
blowing-up at the nine points. Let = ip'^ipd be the exceptional divisor and h the divisor class 
corresponding to a hyperplane. We thus have the Picard lattice: 

Pic(X) = Z/z e Zei e • • • e Zeg, 

of rational surface X, equipped with the intersection form ( | ) defined by {h\h) = 1, (e,|ey) = -6ij 
and ih\ej) = 0. The anti-canonical divisor -Kx is uniquely decomposed into prime divisors: 

-Kx = 3h- Y,ei = D,+D2 + D,, 

1<!<9 

where Di = h- 61-62- ei„D2 = h-e^-e^-e^ and D3 = h-ej -e^- eg. Since the dual graph of 
the intersections of D,'s is of type A'^\ we call X the A^^ -surface following the classification of the 

generalized Halphen surfaces due to H. Sakai [fT3l . The orthogonal complement {-KxY '= {v e 
Pic(X) I (v|D,) = for z = 1, 2, 3} is isomorphic to the root lattice of type E^^\ In fact, {-KxY is 
generated by the vectors aij = e, - ey (where both i and j belong to the same indexing set {1,2, 3}, 
{4, 5, 6}, or {7, 8, 9}) and atjk = h - et - ej - et (i < 3 < j < 6 < k); hence we can choose a root 
basis B = {ao, . . . , Of,} defined by 

ao = Q'23, ai = ase, a2 = 045, as = aui, = a-i^, = o-gg, ore = an, 

whose Dynkin diagram is of type E'^^^ and looks as follows (see, e.g., f2\): 




1 2 3 4 5 



Note that the 72 roots of E(, are represented by a/y (18 vectors) and +aijk (54 vectors). We define 
the action of the reflection corresponding to a root a e {-KxY by 

raiy) = v + {v\a)a, v e Pic(X). 
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We prepare the notations, := r^^j, rij^ := r^,..^ and Si := Va. (z = 0, . . . , 6), for convenience. Also, 
the diagram automorphism (z = 1, 2) is defined by 

^l(^|l,2,3,7,8,9|) = ^{7,8,9,1,2,3,1' ^2(S|l,2,3,4,5,6l) = ^|4,5,6,1,2,3,|- 

We thus obtain the linear action of the (extended) affine Weyl group W^(£'g^^) = {^o, ■ ■ ■ ti, ii) on 
Pic(X). In parallel, we fix the action of W{E'"^^) on the multiplicative root variables a = (ao, . . . , ag) 
as follows: ^ 

^U^^{0,1,2,3,4,5,6)J - ^{5,1,2,3,6,0,41 ■, i2*.^{0,l,2,3,4,5,6|J - ^^{1,0,6,3,4,5,21 ; 

where (C,y) being the Cartan matrix of type Eg \ 

Next we shall extend the linear action above to birational transformations. To this end, we in- 
troduce the notion of r-functions; cf. [3]. Consider the field X = , . . . , rg) of rational functions 
in indeterminates r,- (1 < z < 9) with the coefficient field K = C(a^^^) = C{aQ^^^, . . . , ag^^^). Take a 
sub-lattice M = Ui=i,2,3 of Pic(X), where 

M,- = {v G Pic(X) I (v|v) = -(v|A) = -1, (v\Dj) = (j ^ /)) . 



Definition 3.1. A function r : M ^ X is said to be a r-function iff it satisfies the conditions: 



(i) t(w.v) = w.t(v) for any v e M and w e WiE^^^); (ii) riet) = Tj (1 < z < 9). 



Such functions and the action of W(E''^-') on them are explicitly determined in the following 
way. Any divisor K = nh - - ■ ■ ■ - e,- ^ e M corresponds to a curve of degree n on passing 
through n + \ points p,, , . . . ,Pi„^^ (with counting the multiplicity). We can choose uniquely the 
normalized defming polynomial Fi^{x,y,z) = J^i+j+k=n-^ijkx'y^z'' e Q(a)[x,y,z] of the curve, such 
that n ^ijk = 1 • For example, we have 

= a3~^x + a^y + z, 
= X + a^'^y + a^z, 



Let 



Fh. 


-e\ 


-£4 


Fh. 


-64 




Fh. 


-<?l 


-67 



— , — , — I = (TiT2T3,T4T5T6,T7T8T9), (3.3) 



Cj; Cy 

where 

i 2 _2 i 2 _2 __1 i 2 _2 _i 

Cx = ai^a2^a4. ^a=, 3, Cy = ai^a4^a^ ^ao 3, c^ = ao^a(,^a2 ^ai 3. 

Suppose that 

Fa(jc, j,z) = T{nh - e,„^i)T(eii) ■ ■ ■ T(e,„^i). (3.4) 

Therefore we see that the linear action of W(E''^^) on M yields the action on r-functions immedi- 
ately. For instance, by using riji,(ek) = /z - e,- - ej, we can compute the action of r,-^-/.: 

,,,,,, , Fh-e,-ej(x,y,z) 

njkiriek)) = T{h - et - ej) = . . . . — . 

T(e,)T(ey) 

Each action of r,y and diagram automorphism t, is realized as just a permutation of t,'s. Summa- 
rizing above, we now arrive at the following theorem. 
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Theorem 3.2. Define the birational transformations Si {Q < i < 6) and Cj (j = 1,2) on JL = 
C{a'l'){T,,...,T^)by 

■^l('^|5,6)) = "^16,5)5 *2(T(4,5)) = "^{5,415 ■^4('r{7,8|) = "^{SJI^ ■^5(^18,9)) = "^19,8)5 

■^6(T{1,2)) = "^"12,115 SQ{T[2,i)) = T{3,2|5 il('^{l,2,3|) - "^{7,8,915 i2('^{l,2,3)) = "^(4,5,6)5 

Siijl) = [cxT\T2Tj, + a^'^CyTAT^Tf, + aj,C{riT^Ti)) /(UTj), (3 5) 

53(74) = fa3C^TiT2T3 + CJ.T4T5T6 + a3'^C,T7r8T9^ /(T1T7), 

53(77) = (a^'^Cj,TiT2T3 + asCyUTsT^ + C,TjTsT<)) /(T1T4). 

Then (|3.5I) wzY/z (13.21) provide a realization ofW{E''^^) = (sq, . . . , ^6, ii, (2)- 
Let 

X _ y _ z 

Cx 

By virtue of Theorem I3.2[ we obtain the following birational transformations on the inhomoge- 
neous coordinate (/, g): 

cj + a3-^Cyg + a3C, 
S3if) = f- 



[/ : ^ : 1] = 



= [T1T2T3 : T^TsTe : tjt^t^] . (3.6) 



'33 ^Cxf + a^Cyg + 
a3Cxf + Cyg + a3~^c, 

t : 

'a^-^cj + a3Cyg + C: 

il(/) = J, Llig) = J, L2if) = g, L2ig) = f. 



*3(^) = 8—Tl r : . . ' 



The birational action arising from the translation part of affine Weyl group can be regarded as a 
discrete dynamical system and is called a discrete Painleve equation; cf. [fT2|. Consider an element 

^ = ^258'"369^258'"147 = (52*4*6'^0'^1 ■^5*3'^2*4*6'^3)^ S W(E^^^), (3.8) 

acting on the parameters a = (ao, . . . ,a(,) as their (7- shifts: 

f{a) = a = (ao, ai, a2, g^a^, a4, as, a(,). (3.9) 

We define rational functions F(a; f, g), G{a; f, g) e C(a^^^; /, g) by 

£{/) = F{a; f, g), {(g) = G(a; /, g). (3.10) 

Definition 3.3. The system of functional equations 

m = F{a;m,g(a)), g(a) = G{a; m,g{a)), (3.11) 

for unknowns / = /(a) and g = g{a) is called the q-Painleve equation of type E''^^ . 

We shall often denote (13.111) shortly by q-P{E(,). 

Remark 3.4. We have the following inclusion relation of afiine Weyl groups: VF(£'g^') D W{A^^^) ® 
V7(Aj^^). For instance, the sets of vectors 5' = {orisg, Q'367, Q'248, ^leg. 0^257, 0^349} and 5" = {Qfi47, q;258+ 
0^369} realize the root bases of types Aj'^ and A^^ \ respectively. Moreover, they are mutually orthog- 
onal. The transformation I, used to define the ^-Painleve equation (13.1 II) . is exactly the translation 

in W{A^f\ that is, ra^^^+a^^^r„^„ = (r258'"369'"258)'"l47 = ^• 
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4 Bilinear equations among r-functions 

Let us introduce the transformations £2 = ''369''i47^369^258 and ^3 = ri4-]r25gri4jrT,(,g, in parallel with 
£1 = € = /'258''369''258''i47- These act on the root variables as their ^-shifts: 

= (uq, ai, q"^a2, q^a^, q'^a4, as, q'^Uf,), 
/'2(a) = {q~^ao,q~^ai,qa2,q'^a3,qa4,q'^a5,qa6), (4.1) 
£3(0) = {qaQ,qai,a2,q~^a3,a4,qa5,a(,). 

Note that ^,'s are mutually commutable and £\£2^3 = id. The action of ^, on the auxiliary variables 

a = (aoaiGsy^^, b = (^26(4^6^)^^^, (4.2) 

is described as follows: 

t\{a,b) = {a,q~^b), €2{<^^b) = {q~^a,qb), i3{a,b) = {qa,b). (4.3) 



Lemma 4.1. It holds that 



T / ai^a2^^^ 1 - a^Z?^ 

T3^3(T6) - a2M3(T3)T6 = ^ ^^Ts- (4.4) 

\ao 6(6/ 



Proo/ We have (see Section O 



a4as ao a3a4a5a6 
a4a5X J ,22 

a\a2 a\a2a3a4'^a5^ 

Eliminating x and y, we get 

_ 1 - (ao6[l6[2«3«46!5^^6)^ , . 

ao a3a4a5a6 

Recall that z = QTyTgTg and Fh-a-ej = TiTjT(h - e,- - e^). By virtue of ^'3(^6) = /z - £3 - eg and 
^3(^3) = h - ee - 69, we thus obtain (l44l) from (|431) . □ 

We shall rename the r-functions as follows: 



where the normalization factor N(a, b) is defined by 



b^q^ q^ 6; 3 3 3 3 
— ,— abq;q,q 



Nia, b) = — ^ ^ -. (4.7) 



bV 



a^ a 



2^4 



.a^b^q^\q^,q^ 



Equation (14. 4D in Lemma B~T] is then rewritten into 

-Wi£3(W2) - abf3{Wi)W2 = \%^\ i--ab\U3V3, (4.8) 
a \ao 616/ \a 



by straightforward computation. As seen below, all the other bilinear equations for Ui, Vi and Wi 
can also be derived from (14.81) by suitable symmetries of WiE'-^^). Applying riir4^rj<) to (14.81) and 
viewing that £i = ri3r4(,ng{!i,risr46ri9, we thus obtain 

(2 \ 1/3 
^1 [ab-fjV,W,. (4.9) 

Moreover, we consider an element n = soS\S 51^12 e W(E'^^'>) of order six whose action is given as 
follows: 

. /I 1 1 \ 

n : kciq, ai,a2, 03, 0.4^(^5^ "^"{1,2,3,4,5,6,7,8,91^ ^ — > — ^ fi'o^^'e, cii,^ aiUj, — , 6(4a5; rj7,9,8j3^2,4,6,5) • 

\as ao ai / 

Hence we see that 

7T : (a, [/,-, y,-, Wi) ^ I -, aZ7; C/,-.i , W^-u Vi-A , (4. 10) 



and also that the commutation relations n^i = £in, n€2 = ^3^ and n£i, = hold. Note that n 
realizes the rotational diagram automorphism of A'"^\ considered in Remark [341 Applying n to 
(|4.8I) and (|4.9I) . we get the following proposition. 

Proposition 4.2. The following bilinear equations among the r-functions Ui, Vi and Wi hold: 

abUiUUi^i) - ^UUiWi^i = ji (ah - ^ Vi^2Wi^2, (4. 11a) 

zViUVM) - -UVdVi^i = Sil]- - -] Wi^2Ui^2, (4.11b) 
b a \b a) 

-W^,^3(W^,+i) - abUWi)Wi^, = 6,- (- - ab\ C/,^.2V,+2, (4.11c) 
a \a I 

for i e 'LjyL. Here y,, 5, and e, are the parameters defined by 

2\l/3 / 2\l/3 / 2 \l/3 

aQafj \ I aia2 \ t a^ a^ 



ri = — 2 ' ^2 = ,73-1 2 

\a1a2 I ya^^as} \«o«6 

,^J^ , 52= ^ , 6, = (—\ ^ (4.12) 
yaiae/ \a2a5j \a0a4l 

2 \l/3 / 2\l/3 / 2 \l/3 

ai a2\ I a4a^ \ 1 ao a(, 



We call system (14.1 II ) the bilinear form of the q-Painleve equation of type E'g \ Conversely, we 
can verify that, for any functions U,, Vi, Wi (i 6 Z/3Z) satisfying (14.111) . the pair (/, g) defined by 

UiViWi _ U2V2W2 

^ ~ U3V3W3' ^ ~ U3V3W3' 

certainly solves the ^-Painleve equation (|3.11|) : here we recall (|3.6I) and (14. 6|) . 
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5 Similarity reduction of lattice ^-UC hierarchy to q-P{E^) 

We shall explain how the bilinear form of q-P{E(,), (|4.1 II) . arises naturally from the lattice ^-UC 
hierarchy, through certain periodic and similarity reductions. Let / = {1,2,3} and 7 = and 
consider the lattice ^-UC hierarchy: 

hTi{o'fn,n+i)T j{(T,„^i,-i^ — tjTj{o',f,fi^i}Tj{cr^+\fi) = {tj — tj)Tjj{o'„j,i)cr^+\fi+i. (5.1) 

We impose the (3, 3)-periodic condition: 

C^m,n ^m+3,n ^m,n+3t (5-2) 

and the similarity condition: 

(Tm,nictuCt2, Ch) = c'^'"" 0-,n,nih,h, h), (5.3) 

for any c e C^. Here dm,,, are constant parameters such that dm,n + (^m+i.^+i = dm+Y,n + '^m.n+i- We 
introduce the functions am,nici, b) in two variables defined by crm,n{a, b) = crm,n{h,t2, h) under the 
substitution {t\,t2, h) = (a~^ ,b~^ ,ab). We thus have the following lemma. 

Lemma 5.1. Let 

Ui(a, b) = CTi-iia, b), 

Viia, b) = at^,,^t^M"'a, q'^^b), (5.4) 
Wiia,b) = d'i^2,-i^2iq~'"a,q-"'b), 
for i G T^fyL. Then these functions satisfy the bilinear form ofq-P{E^), (14.1 II) . with the parameters: 



Proof. Being attentive to the action of ^,'s on variables a and b (see (14.31) ). one can deduce the 
bilinear form of q-P(E(,) straightforwardly from the lattice ^-UC hierarchy (15.11) by the similarity 
condition (15.31) together with the periodicity (|5.2I) . 

For instance, we shall start from (15.11) with (m, n) = (r + 1, -r) and (z, j) = (1,2): 

tl<^ r+l-r+liqh^ r+2-rih,qh, ^3) ~ hC r+l-r+l{h^ qh, h)^' r+2-r{qh^h^ h) 

= (^1 ~ h)0' r+l-r{qtl,qt2, ts)0' r+2-r+l{h,h, ^3)- 

By using the homogeneity (15.31) . we have 

„(d,-+l.-r+l+d.+2.-r)/3. ^ /„2/3. -1/3. -1/3. s,^ r^-1/3. „2/3. -1/3. ^ 

q hcTr+i-r+iKq n,q h,q h)(^r+2-Aq t\,q h,q h) 

_ ^e^-l.— +^-2.-)/3^2Cr,+ l,-r+l(^~'^'?l, ^'^'^2, q-"^h)(Tr^2,-r{q^^^tuq-"^t2, q-"h,) 
= ^2^-'-''/3(fi - t2)(Tr^^,.Xq^lhi,q^lh2,q~^^h^)(Tr^2,-r^lit^,t2,t3)- 

Putting {ti,t2, h) = {a~^,b~^,ab), therefore we obtain 

-ar+i,-r+i{q'^'^a, q^'^b)ar+2,-r{q^'^a, q'^'^b) 
a 

- \ar^,,.r^M"'ci, q-^"b)ar^2,-r{q-^'^a, q'I'b) 
b 

= ^(^..,,-.-d..2,-..0/3|i _ }^ar,,,.,iq-"'a,q-'l'b)ar,2,.r.M,b), 

which turns out to coincide with (I4.11bl) in view of the action of £2- In the same way, we can derive 
also (14.1 lal) and (14.1 Icl) . The proof is now complete. □ 
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6 Algebraic solutions of ^-Painleve equation in terms of the 
universal character 

As seen in the preceding section, the t^-Painleve equation of type E'"^^ is in fact equivalent to a 
similarity reduction of the (periodic) lattice ^-UC hierarchy. On the other hand, we have already 
known that the lattice ^-UC hierarchy admits the universal characters as its homogeneous solutions; 
see Proposition 12.31 Consequently, we obtain in particular a class of algebraic solutions of the q- 
Painleve equation in terms of the universal character. 

In order to state our result precisely, we first recall the notion of N-core partitions; see, e.g., 
[fTOl . A subset M c Z is said to be a Maya diagram if m e M (m «; 0) and m ^ M (m ^ 0). Each 
Maya diagram M = {. . . , nii,, m2, nii] corresponds to a unique partition A = {Ai,A2, ■ ■ ■) such that 
m,- - m,+i = Aj - Ai+i + 1. For a sequence of integers n = (ni,n2,..., n^) e Z^, let us consider the 
Maya diagram 

M{n) = (A^Z<„, + 1) U (iVZ<„, + 2) U • • • U (A^Z<„^ + A^), 

and denote by A(n) the corresponding partition. Note that A{n) = A{n + 1) where 1 = (1, 1, ... , 1). 
We call a partition of the form A{n) an N-core partition. It is well-known that a partition A is 
N-coxQ if and only if A has no hook with length of a multiple of N. We have a cyclic chain of the 
universal characters attached to N-core partitions; see [,16^ Lemma 2.2]. 

Lemma 6.1. It holds that 

I N-i 

for arbitrary n = (ni,n2, . . . , rif^) e Z^ and partition p. Here n{i) = n + (1, . . . , 1, 0, . . . , 0) and 
ki = Nnj — \n\ with \n\ = ni + n2 + • • • + n^. 

Finally, by virtue of Proposition 12.31 and Lemmas 15.11 and 16. 1[ we are led to the following 
expression of algebraic solutions by means of the universal character attached to a pair of three- 
core partitions. Define a rational function R[A.fi] = R[A,,j](a, b) by (recall (12.11) or (12.91 )) 

R[aA^, b) = S [^,^](x, y) = S[A,f,]it), (6.2) 

under the substitution: 

a-" + b-" + {aby a" + b" + {aby 

n{l - q") n{l - q ") 

or (?i,?2,?3) = (a~\b'\ab) with / = {1,2,3} and 7 = 0. 

Theorem 6.2. For any m = {m\,m2, m^), n = (ni,n2, n^) e 7?, let 

Ui(a,b) = R[A(m(i)), A(n(-i)y\i<^^b), 

Vi(a,b) = R[A{m(i+l)),A(n{~i+l))] (q'"a,q-^''b), (6.4) 

Wi(a,b) = R[A{m{i+2)),A{n{-i+2))]iq'^'^ a, q'^'^b). 
(i) These functions solve the system of bilinear equations (14.111 ) with the parameters: 

. \m\-\n\ , \m\-\n\ , \m\-\n\ 

y,. = ^«-'-'«'+' + — , 5,. = ^"-'+'-'"'+2+ — , 6,- = ^"-'"^2-'"' + —. (6.5) 
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(ii) Consequently, the pair of functions 



f = 



U2V2W2 
U3V3W3' 



(6.6) 



gives an algebraic solution of the q-Painleve equation of type E''^\ (I3.11|) . when 

ao = aq 



ai = aq 3 
a2 = bq 3 



m\ -n3 
7723— ^2 



as = aqi 

|m|+|n|-l l»i|+|n|-l 

a4 = bq— a^ = bq— '"^-"^ 



(6.7) 



Example 6.3. Let us consider the function 

/'u,p](a,^;^) = (a^)'""'^'^^'' n (1 



MiJ) 



)n(* 



l)R[A,f,](a,b), 



associated with the algebraic solutions given in Theorem 16.21 Here we denote by h{i, j) the hook- 
length, that is, h{i,j) = At + A'^ - i - j + I (see [7J) and let v = (vi, V2, . . .) be a sequence of 
integers defined by v, = max{0,yu^ - Aj). It is interesting that P[,i^^^{a,b\q) forms a polynomial 
whose coefficients are all positive integers. A few examples of the special polynomials are given 
below: 



A 




P[x,fx]{a,b\q) 








1 


(1) 





a + b + a^b^ 


(2) 





a^ + b^ + a'^b'^ + (1 + q)ab{\ + a^b + ab^) 


(1,1) 





q(a^ + b'^ + a^b^) + (1 + q)ab(l + a^b + ab^) 





(1) 


1 + a^b + ab^ 





(2) 


q(l + a'^b^ + a^b^) + (1 + q)ab{a + b + aV) 


(1) 


(1) 


(1 + ^ + q^)aV + qab(a^ + b^) + q{a + b){l + a^b^) 


(1) 


(2) 


{l+q + 2q^ + q^)a^b\l + a^b + ab^) + q{l + q)ab(a^ + b^ + a'^b^) 
+q\a + b + a^b\a^ + b^) + a^b\a^ + b^)) 



This polynomial is thought of an analogue of the Umemura polynomials which arise from algebraic 
solutions of the Painleve differential equations; cf. [111 . 



7 Verification of Proposition 123 

Take an (/ + /' + 2) x (Z + Z' + 2) matrix of the form: 

l<fl,i</+/'+2 



-ti 'r/i^^,, ^^j+a-i) 


-tj ir,(iy^,, ^^|+„_i) 


'^ij^^Ml'-a+l +a—h+2) 




7"((^i„_,,_2-a+2) 


Tij(hA^_,,_2-a+h) 


^ ^ ' 

1 


1 





Let D = detX and denote by D[zi, Z2, . . . ; Ji, 72, . . .] its minor determinant removing rows {/«} and 
columns We put Aq = k and fio = k'. 
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Lemma 7.1. It holds that 



(ti - tj)S[(k,AUk',M)^^^^ 



(titjY'-'D, 



(7.2a) 
(7.2b) 
(7.2c) 
(7.2d) 
(7.2e) 
(7.2f) 



TjiS[A,{k',ij)]it)) 
T j{S[(k,A),ti](t)) 



D[l' + 1,1' + 2-1,2], 
(-t jf D[l' + 1;1], 
i-td''^'D[r + 2-2], 
(-ti)''D[r + l;2], 
i-tjy'^'DU' + 2;1]. 



Proof. Let us prove only (I7.2al) in the following; the others (I7.2bl) - (l7.2fl) can be verified in a 
similar manner. It is easy to see that 



We shall apply elementary transformations successively to the row vector (h„, h„^i, . . . , h„+r~\) 
of size r = I + V + 2 . First we add the b^^ column multiplied by to the {b + 1)* column for 
1 < < r - 1 . We then obtain by (I7.3al) . 

(/l„, TiQln+l), Ti{hn+2), Ti(h„+r-i)) . 

Secondly adding the Z?* column multiplied by -tj to the {b + If^ column for 2 < < r - 1, we get 



Adding the second column multiplied by (f, - tj) ^ to the first column, we finally obtain the vector: 



By the same procedure as above, the low vector (//„, . . . , Hn-r+\) is also converted to 



Tiihn) = hn-tihn-\, 

Ti{H„) = H„- tr^H, 



(7.3a) 
(7.3b) 




{{ti - tj) ^Tj{hn+l), Ti{hn+l), Tij{h„+2), Tij{hn+r-l)) ■ 



(-{ti - tj)-'tjTj{Hn), -tiTi{Hn), titjTtjiHn), titj 



TijiHn-r+i)] , 



via (l73bl) . 



Therefore, remembering (12.91) . we arrive at the expression (I7.2al) . 



□ 



Proof of Proposition \2.3\ By the use of Jacobi's identity: 



DD[r + 1, /' + 2; 1, 2] = D[r + 1; 1]Z)[/' + 2; 2] - D[Z' + 1; 2]D[Z' + 2; 1], 



we see that (|2.7I) follows immediately from Lemma ITTTl 



□ 
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A Reductions to ^-Painleve equations of types ^2^+1 and D^^^ 

Recall that the ^-Painleve equations of types ^2g+i ^^'^ derived as reductions from the 

^-UC hierarchy; see IfTTl and IfTSl . Accordingly, they can be derived also from the lattice ^-UC 
hierarchy, as the latter hierarchy includes the former one; see Remark 12.51 We verify that the 
equations of types ^2^^+! ^^'^ ^5^^ ^^'^^ similarity reductions of the lattice q-\JC hierarchy 

together with periodic conditions of order (g + 1,^ + 1) and (2, 2), respectively. In this appendix, 
we demonstrate how to obtain the ^-Painleve equation only for the case of type D^^^; the other case 
is simpler, so it may be left to the reader; cf. IITTll . 

Let / = {1,2} and J = {-1, -2}. Suppose that cr,„^„ = o-m,n(t) is a solution of the lattice ^-UC hi- 



erarchy (12.41) . satisfying the periodic condition cr,„ „ = 0-^+2,11 = o-m,n+2 and the similarity condition 
o'mA^t) - f''"'"cr„,_„(0- Here J^.n are constants balanced as (i„,_„ + ^^,„+i,n+i = (^m+i,;! + Now 
let us introduce the function p„j „(a,/3; x) in x, equipped with constant parameters a and /3, defined 
by p,j,,n(ff,;0; = crm,n(t) Under the substitution ? = (fi, ?2, ^-2) = (a,a'^,-q'^/3x,-q'^/3'^x). 
Let 

= ptj(a,/3; X), oS^\x) = Pi,i(q"^a, q"^/3; x), 

¥-\x)=p,Ua,q'!'l5;q'l^x\ w\^\x) = pu,,(q"'a,/3; q^'^x), ^"^''^ 

for / G Z/2Z. As similar to the case of (see Section [5]), we therefore obtain, from (|2.4I) with 
the above constraints, the following system of bilinear equations: 

= (a^' +/3^'x) ¥r\q-'x)WZ\ix), (A.2a) 

= (a^' + iq"W'q'"x) ^fix)Q>'C\(Gx), (A.2b) 
where / e Z/2Z. We take the variables 

f{x)= ' ' \ g{x)= \' \ (A.3) 

and let y = ^(^u-^i,2)/2 ^nd S = ^(^2,i-rfi,i)/2 Hence it follows from (ICT) that 



J J. ^ (g + a-^p-^y5x){g + apy-^5-^qx) 
{xg + afiy6){qxg + a~^/3~^y~^6'^)' 
(f + a~'/3y-'6x)(f + a/3-'y6''x) 
(xf + a/3-^y-^6)(xf + a-^fiyd-^Y 



(A.4b) 



where the symbols / and g stand for f(qx) and g{q ^x), respectively. This system is equivalent to 
the ^-Painleve equation of type D^^\ known as the ^-Painleve VI equation; see [|T1. 



Acknowledgements. The author wishes to thank Tetsu Masuda, Masatoshi Noumi, Yasuhiro Ohta, Tomoyuki 
Takenawa, and Yasuhiko Yamada for valuable discussions. This work is partially supported by a fellowship 
of the Japan Society for the Promotion of Science (JSPS). 



15 



References 

[1] Jimbo, M., Sakai, H.: A ^-analog of the sixth Painleve equation. Lett. Math. Phys. 38, 145-154 (1996) 

[2] Kac, V. G.: Infinite dimensional Lie algebras. 3rd ed., Cambridge University Press, 1990 

[3] Kajiwara, K., Masuda, T., Noumi, M., Ohta, Y., Yamada, Y: loEg solution to the elliptic Painleve 
equation. J. Phys. A: Math. Gen. 36, L263-L272 (2003) 

[4] Kajiwara, K., Noumi, M., Yamada, Y: A study on the fourth ^-Painleve equation. J. Phys. A: Math. 
Gen. 34, 8563-8581 (2001) 

[5] Kajiwara, K., Noumi, M., Yamada, Y: ^-Painleve systems arising from ^-KP hierarchy. Lett. Math. 
Phys. 62, 259-268 (2002) 

[6] Koike, K.: On the decomposition of tensor products of the representations of the classical groups: By 
means of the universal characters. Adv. in Math. 74, 57-86 (1989) 

[7] Macdonald, I. G.: Symmetric Functions and Hall Polynomials. 2nd ed., Oxford University Press, 1995 

[8] Masuda, T.: On the rational solutions of ^-Painleve V equation. Nagoya Math. J. 169, 119-143 (2003) 

[9] Miwa, T., Jimbo, M., Date, E.: Solitons: Differential equations, symmetries and infinite dimensional 
algebras. Cambridge University Press, 2000 

[10] Noumi, M.: Painleve equations through symmetry. American Mathematical Society, 2004 

[11] Noumi, M., Okada, S., Okamoto, K., Umemura, H.: Special polynomials associated with the Painleve 
equations 11. In: Integrable Systems and Algebraic Geometry, eds. Saito, M.-H., Shimizu, Y, Ueno, 
K., Singapore: World Scientific, 1998, pp. 349-372 

[12] Noumi, M., Yamada, Y: Affine Weyl group, discrete dynamical systems and Painleve equations. 
Comm. Math. Phys. 199, 281-295 (1998) 

[13] Sakai, H.: Rational surfaces associated with affine root systems and geometry of the Painleve equa- 
tions. Comm. Math. Phys. 220, 165-229 (2001) 

[14] Sato, M.: Soliton equations as dynamical systems on an infinite dimensional Grassmann manifold. 
RIMS Koukyuroku 439, 30^6 (1981) 

[15] Tsuda, T.: Universal characters and an extension of the KP hierarchy. Comm. Math. Phys. 248, 501- 

526 (2004) 

[16] Tsuda, T.: Universal characters, integrable chains and the Painleve equations. Adv. in Math. 197, 

587-606 (2005) 

[17] Tsuda, T.: Universal characters and ^-Painleve systems. Comm. Math. Phys. 260, 59-73 (2005) 

[18] Tsuda, T., Masuda, T.: ^-Painleve VI equation arising from ^-UC hierarchy. Comm. Math. Phys. 262, 
595-609 (2006) 

Teruhisa Tsuda tudateru©math . kyushu-u . ac . jP 

Faculty of Mathematics, Kyushu University, Hakozaki, Fukuoka 812-8581, Japan 



16 



